In this paper we study the Dirac equation in the geometry of a (regular) Bardeen black hole. We will focus on finding new analytical solutions in the vicinity of the black hole horizon. These solutions can be used with the asymptotic solutions (derived in a previous paper) to compute numerical phase shifts that define the scattering amplitudes.
Introduction
At the core of modern physics lay down on one hand the General Theory of Relativity, that describes the Universe at large scales and on the other hand Quantum Field Theory, very successful at describing the physical phenomena happening at very small scales. It is well known that quantum effects become insignificant at large scales and that gravity dose not play any role in particle physics at today's energy scales available in experiments. There are several proposals for a quantum theory of gravity such as string theory [1] , loop quantum gravity [2] or the more modern proposed theories of spin foam gravity [3] and group field theory [4] . However, so far any attempts to successfully test any of these quantum gravity theories have been unsuccessful. Despite of this, some progress was made using a semi-classical approach which consists in the study of quantum fields on a classical curved background. Black holes proved to be the ideal candidates for applying the semi-classical approach. In doing so Hawking [5] showed that black holes can radiate away particles whose energy spectrum resembles the one of a black body.
In this paper we will use the semi-classical approach to study the propagation of spin 1/2 particles in the vicinity of a Bardeen black hole. Thus the goal is to search for analytical solutions of the Dirac equation in this geometry. There exists in the literature many studies of the Dirac equation in black hole (BH) geometries. For example the Dirac equation in Schwarzschild BH was investigated in Refs. [6, 7, 8, 9, 10, 11] , in a Kerr BH [12, 13, 14, 15, 16] , in BerttotiRobinson BH [17] , in Kerr-Taub-NUT BH [18] , in KerrNewmanAdS BH [19] or in Reissner-Nordsrtom de Sitter BH [20] .
The Bardeen black hole [21] is interesting to study because it is a black hole that has the property of being regular i.e it has no singularity present in origin. The Bardeen black hole was generalized in a recent study [22] to include an entire class of Bardeen-like regular black holes that depend on two parameters. Moreover, as showed in ref. [23] the Bardeen black hole solution can be physically interpreted as the gravitational field produced by a nonlinear magnetic monopole. Furthermore, in our recent paper [24] we have found analytical solutions to the Dirac equation in the far field zone of the Bardeen black hole. Thus, by searching for analytical solutions also in the vicinity of the Bardeen black hole one can use these solutions as a starting point for a matching procedure (consisting in jointing the two solutions) that will allow for the computation of at least numerical phase shifts characteristic to scattering phenomena.
The paper is organized as follows: in section 2 we present a review of the Dirac equation in a curved background focusing on a spacetime describing a spherically symmetric black hole. Section 3 starts with a brief description of a Bardeen black hole and ends with the specific form of the Dirac equation in this particular geometry. The main results of this paper are presented in section 4 that consists in solving the Dirac equation in the vicinity of the Bardeen black hole horizon and finding two sets of approximative analytical solutions valid in this part of the spacetime geometry. The conclusions and some final remarks are presented in the last section 5 of the paper.
Preliminaries: Dirac equation and spherically symmetric black holes
In a curved spacetime background the Dirac equation, governing the motion of fermion fields, is obtained from the gauge invariant action
where g = det(g µν ) and D a denotes the covariant derivative
The generators S ab = i 4 [γ a , γ b ] satisfy the standard commutation relations of the spinor representation of the SL(2, C) group [25] . The Dirac matrices γ a are point-independent and satisfy the relation {γ a , γ b } = 2η ab . The object ω c ab represents the spin-connection and can be computed using the following equation
with Γ λ µν the GR Christoffel symbols. The point dependent tetrad fields e a (x) andê a (x) define local (non-holonomic) frames and co-frames such that
where η = diag(1, −1, −1, −1) for the Minkowski metric η ab . Moreover, passing from a local frame to a natural frame is done using the following simple relations
Furthermore, using the tetrad fields the line element ds 2 is expressed as
while the components for the metric tensor read
Returning to the Dirac equation, one can write it into the following explicit form [26] (
Let us now consider the case of static spherically symmetric black holes, described by the general line element
Our next aim is to see how eq. (8) will look like using the above line element. Because we are working in local frames, we must first define or choose a gauge for the tetrad fields.
The most common used gauge in the literature is the diagonal one [27, 28, 29] defined by the 1-formesê a (x) =ê a µ dx µ :
However, we will use here another gauge first defined in [30] and later developed in [26, 32, 33 ] that proved to be very useful in studying the Dirac equation in curved backgrounds [7, 26, 31, 32, 33, 34, 35, 36, 37] . This gauge, called the Cartesian gauge, is defined in spherical coordinates by the following tetrad fields:
In this gauge the Dirac eq. (8) can be brought to a reduced form
after a transformation of the wave function of the form [26] ψ
and observing that for a spherically symmetric metric the last term in eq. (8) is vanishing due to the fact that {γ a , S b c } is completely antisymmetric, while the spin-connection (3) has no such components in the Cartesian gauge. Another advantage of working with the Cartesian gauge is that the free Dirac equation is manifestly covariant under rotations, which in turns imply that the separation of angular variables can be done as in the usual Dirac theory from flat Minkowski spacetime.
One can also bring eq. (12) to a hamiltonian form H D ψ = i ∂ t ψ, where the Dirac Hamiltonian has the following expression [25, 33] 
and K = 2 S · L = J 2 − L 2 + 1/4 is the spin-orbit operator that together with J 2 and J 3 form a complete set obeying the eigenvalue equations [25]
The four-component angular spinors Φ ± m,κ (θ, φ) are the same as in special relativity, having expressions in terms of spherical harmonics Y m l [38] 
Searching now for particular positive frequency solutions with energy E of the type
that are in fact the common eigenspinors for the {H D , K, J 3 } operators with eigenvalues {E, κ, m j }, eq. (12) reduces to only a radial Dirac equations for the radial wave functions f ± E,κ (r). The matrix form of this equation reads [7, 35] 
Depending on the complexity of the function h(r) that defines a specific black hole geometry, the above radial equation can be solved analytically in some specific parts of the geometry. In the following section we will search for approximative analytical solutions of the radial Dirac equation (20) in the case of a Bardeen black holes geometry. We will focus our attention on the specetime region in the vicinity of the black hole horizon.
Dirac equation in a Bardeen spacetime
The first regular black hole solution was proposed by Bardeen in ref. [21] and it was latter showed in ref. [23] that the Bardeen solution can be interpreted as a self-gravitating field of a magnetic monopole described by a nonlinear electrodynamics. More recently in ref. [22] the authors construct an entire two-parameter family of Bardeen-like solutions.
The field equations of the Einstein-field nonlinear electrodynamics theory are obtained from the action
The resulting filed equations are
Searching for spherically symmetric solutions of type (9) one finds the metric for the Bardeen spacetime, namely [21] 
where M is the mass of the black hole and Q the monopole charge. 
valid only when the black hole has at least one horizon, with r + the radius of the (outer) black hole horizon. In terms of the new variable the function h(r) can be rewritten as
were we introduced the notations γ = 2M/r + and δ = (Q/r + ) 2 . Inserting (26) into eq. (20) a new radial Dirac equation in the variable x is obtained:
with
Analytical solutions of the Dirac equation
In this section we will show how one can obtain approximative analytical solutions of the radial Dirac equation (20) . We will focus our attention on finding solutions near the black hole horizon. The solutions in the asymptotic zone of the Bardeen black hole giving the scattering modes were discussed in ref. [24] were an analysis of fermion scattering by Bardeen black holes was also performed.
The variable x → 0 as one approaches the black hole horizon r → r + . Thus by making a Taylor expansion with respect to x of the operators A, B, C, D and using the fact that γ 2 = (1 + δ) 3 , the following expressions will be obtained
If in the above expansions one discards the terms of order O(x 2 ) and higher, eq. (27) reduces to This system of coupled differential equations has an analytical solution that reads
where the constants C 1 and C 2 are arbitrary and HeunC stand for the Heun confluent function and it's derivative HeunCP rime [42] . These solutions constitutes the main result of this paper. The parameters used in eqs. (31)-(32) are given by the expressions:
Let us now analyse the validity of the above approximative analytical solutions. Solving numerically (using Maple or Mathematica) the complete system of eqs. (27) (28) one obtains the full blue curves in Figs. 1-2 . The dash-dotted red curves are obtained using the analytical solutions (31) and we can see that they approximate quite well the full numerical solution in the vicinity of the black hole horizon located at x = 0. In obtaining the numerical solutions the initial conditions f + (0.0001) = 0, f − (0.0001) = 1 were used together with the values M = 1, Q = 0.1, m = 0.01, E = 1, κ = 1 for Fig. 1 and M = 2, Q = 0.5, m = 0.1, E = 2, κ = 3 for Fig. 2 . Imposing initial conditions in x = 0 was not possible because there are some problems when Maple/Mathematica tries to evaluate numerically the first derivative of the functions f ± (x) when solving numerically the differential equations (28) . This is probably due to the fact that the solutions shown in Figs. 1-2 are not regular at the origin (x = 0), since the derivative can be seen to diverge in that point.
Final remarks
In this paper we showed how to find (approximative) analytical solutions of the Dirac equation on a curved background, focusing on the geometry of a regular Bardeen black hole. In our approach we used the Cartesian gauge to write the Dirac equation and as was showed in this gauge the problem reduces to only a radial equation that needed to be solved.
The Cartesian gauge was also used in other studies to find complete analytical solutions of the Dirac equation in de Sitter spacetime [31, 40, 41] and approximative solutions in several black hole geometries [7, 24, 34, 36] . Thus one can safely argue that the Cartesian gauge is very important in studying the Dirac equation in curved spacetimes geometries.
